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Introduction
It can be argued that the strong coupling constant α s , or, equivalently, the QCD scale Λ QCD are the fundamental quantities which require a high level of precision as they enter in most calculations, both perturbative and non-perturbative. They can be extracted both from experiment or numerically, with the help of Lattice QCD. The latter is a complicated procedure and it is imperative to understand the underlying mechanics to estimate correctly the systematic errors. For the review of such calculations see, for instance, [1, 2, 3, 4, 5, 6, 7] . We presented our most recent results in [8] and here we will demonstrate that our approach and estimation of systematics is justified.
The work is based on ghost and gluon propagators, which we recently computed on the gauge configurations produced by the ETM Collaboration. These are the first to incorporate the effects of dynamical charm quarks. In other words, this is an ensemble of sample gauge fields including N f =2+1+1, two light degenerate and two heavy, dynamical quark flavours (see [9, 10] for details of the simulations setup) with a twisted-mass fermion action [11, 12] . Combining the propagators in Taylor scheme we were able to extract the strong coupling constant, which agrees pretty well with the experimental results from τ decays [13] and "world average" from PDG [14] at all scales from τ to Z 0 . At the same time it became clear that invocation of nonperturbative OPE corrections is unequivocally needed to account properly for the lattice data of the coupling in Taylor scheme. Within the OPE procedure we expand matrix elements of any non-local operator in terms of local operators, organized by their momentum dimensions. Using the sum rules factorization [15, 16] , these can be expressed as a coefficient to be computed in perturbation (Wilson coefficient) and the nonperturbative condensate of a local operator. For such procedure to be consistent it is required that (up to a proper renormalization constant for the local operator) the value of the condensate should be the same for any Green Function.
In refs. [17, 18] for N f =2+1+1 and in refs. [7, 19] for N f =0 and N f =2 quark flavours respectively, we calculate the running coupling by equating numerical results and the OPE prediction. The OPE is clearly dominated by the landau gauge gluon condensate A 2 which has been elsewhere very much studied (e.g., see [20, 21, 22, 23, 24, 25, 26] ). It can be noted that to calculate the coupling more reliably we combined the bare lattice propagators in such a manner that the cut-off dependence is minimal, which prevents the check for the universality of condensates, as gluon and ghost propagators are not to be independently analyzed. However our previous studies in quenched approximation suggested that such universality (even including the three-gluon vertex) is indeed compatible with the numerical data (N f =0) [20, 27, 28, 6, 29, 7] . This has been also supported by the calculations with N f =2 dynamical flavours [19, 30] . Now we will address this question in the N f =2+1+1 case, to clarify the nature itself of the unavoidable nonperturbative corrections and the involved condensates.
Basics and Simulations
The Taylor coupling can be obtained directly from the gluon and ghost dressing functions it follows [7] ,
Substituting the dressing functions by their OPE expressions we are left with
where R is known to four loops. We refer to the upcoming paper [31] for the details of this calculation. The ghost and gluon propagators are defined as follows:
where A a µ is the gauge field and M ab ≡ ∂ µ D ab µ is the Fadeev-Popov operator.The lattice setup is described in [18] and summarized in Tab. 1. The O(4)-breaking lattice artefacts have been cured by the so-called H(4)-extrapolation procedure [3, 32] . These estimates for bare gluon and ghost dressing functions appear plotted in Fig. 1 . Table 1 : Lattice setup parameters for the ensembles we used in this paper: κ crit is the critical value for the standard hopping parameter for the bare untwisted mass; µ l stands for the twisted mass for the two degenerated light quarks, while µ σ and µ δ define the heavy quarks twisted masses; the last column indicates the number of gauge field configurations exploited. This implies that the strange quark mass is roughly set to 95 MeV and the charm one to 1.51 GeV (in MS at 2 GeV), while degenerate light quark masses range from 20 to 50 MeV (The lightest pseudoscalar masses approximately range from 270 to 510 MeV).
Testing the OPE
The gluon and ghost propagator lattice data shown in the upper plots of Fig. 1 are still affected by O(4)-invariant lattice artefacts. As we did in ref. [17, 18, 30] for the Taylor coupling and the vector quark propagator, the gluon propagator renormalization constant Z Latt 3 in MOM scheme can be written as
which corresponds to the lattice gluon dressing function. In r.h.s., the artefacts-free gluon dressing is noted as G. It can be shown that we can rewrite Eq. (3.1) as: Figure 1 : Bare gluon and ghost propagators as they result from lattice computations before (top) and after being cured of O(4)-invariant lattice artefacts and properly rescaled to appear superimposed (bottom). The blue solid line correspond to the best fit with the OPE formula.
where Wilson coefficient C w p 2 µ 2 , α(µ 2 ) , in the appropriate renormalization scheme, is known at the four-loop order with the help of the perturbative expansions for the gluon propagator MOM anomalous dimension and Taylor scheme beta function [33] . G NP is expected to describe properly the nonperturbative running of the gluon dressing from lower bound of p = 4.5 GeV, below which the lattice data deviate from the nonperturbative prediction only including the OPE leading power correction, to the upper bound of a 2 p 2 ∼ 3.5, above where the impact of higher-order lattice artefacts cannot be neglected any longer. Now we can perform a linear fit and determine the overall factor, z(µ, a −1 ), for each data set and the coefficients c a2p2 , which should be almost the same as they depend only logarithmically on the lattice spacing a(β ) by dimensional arguments (see tab. 2). This way we can remove the O(4)-invariant artefacts away from the lattice data for all available momenta in the aforementioned range, by applying Eq. (3.1), to be left with the continuum nonperturbative running for the gluon dressing; while the overall factors z(µ, a −1 ) can be used to rescale the data obtained at different β such that they all will follow the same curve (see down plots of fig. 1 The overall factors, z(µ 2 , a −1 ), and the coefficients c a2p2 , for optimal values of g 2 A 2 . As discussed there, c a2p2 is thought not to depend very much on β and so is fairly obtained from the results shown here. The renormalization point, µ, for the overall factor is fixed at 10 GeV. Statistical errors have been computed by applying the Jackknife method.
prior to the removal of O(4)-invariant artefacts. In practice, we will take Λ MS to be known from τ decays (α MS (m 2 τ ) = 0.334(14) [13] , i.e. Λ MS = 311 MeV for N f = 4) and will search for a value of g 2 A 2 such that one gets the best matching of the rescaled gluon dressings from the three data sets. The details and the intermediate results of this procedure will be explained in [31] . Here we just present the results in Tab. 3. Finally, one can impose the condensates to be the same for both gluon and ghost propagators, which leads to g 2 A 2 = 4.1 GeV 2 , that appears to be again in a pretty good agreement with the previous results in refs. [17, 18] . In the following, we will use the artefacts-free gluon and ghost dressing functions, obtained with this last value for the gluon condensate, shown in Fig. 1 . Now we can directly test the validity of the OPE to describe consistently and accurately different Green functions by confronting the directly extracted numbers with theoretical predictions:
, (3.4) where the l.h.s. is computed after the removal of the artefacts. On Eq. (3.4)'s r.h.s., the running with momenta can be easily expressed as a perturbative series in terms of the Taylor coupling, being proportional to the gluon condensate, g 2 A 2 , which we already calculated. As one can see from the Fig. 2 , the nonperturbative corrections are totally unavoidable for both the gluon (top) and ghost (bottom) cases. Also, the Wilson coefficient derived at the order O(α 4 ) in sec. 2 gives a high-quality fit of data (blue solid lines in both plots). Had we not included the Wilson coefficient running (i.e., dropped C w from Eq. (3.4)'s r.h.s.), or just included its leading logarithm approximation, a flatter slope would be obtained, not describing properly the data (blue dotted and green solid lines). A similar situation can be observed in the case of Taylor coupling itself, see Fig.3 . Figure 2 : The left plots shows the difference between the rescaled lattice data for the gluon (top) and ghost (bottom) dressing functions and their perturbative estimate, multiplied by the square of momentum, plotted versus the perturbative Taylor coupling at the same momentum. For perturbative evaluations, Λ MS is taken to be known from τ decays. Blue dotted lines correspond to using a leading logarithm approximation for Wilson coefficient, and green solid line describes the purely perturbative ansatz. The right plots zoom into the region, from 4.5 to 6.3 GeV, where the behavior, predicted by the OPE analysis, is observed. The dotted orange line shows a linear fit of data that shows a good agreement with the predicted running. The Taylor coupling computed with the artefact-free lattice dressing functions and the best-fit parameters for Λ MS and g 2 A 2 (solid blue line). For the sake of comparison, the four loop perturbative prediction, evaluated for the same Λ MS , is also plotted with a dashed blue line.
